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Clear Mathematical Models
Each step is clear and elementary
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Fuzzy Partitions

Fuzzy Partition A1, . . . , An of [a, b]

Fuzzy sets A1, . . . ,An with
continuous membership functions
form a fuzzy partition with nodes
x1, . . . , xn if for each k = 1 . . . ,n

Ak (xk ) = 1
Ak (x) = 0 if x 6∈ (xk−1, xk+1)

Ak (x)↗ on [xk−1, xk ]

Ak (x)↘ on [xk , xk+1]∑n
k=1 Ak (x) = 1, x ∈ [a,b]
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Fuzzy Transform Schematically
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Fuzzy Transform in Steps

Original function
f : [a,b] −→ [c,d ]

Fuzzy partition A1, . . . ,An
of [a,b]

F-Transform Components
F1, . . . ,Fn

Transformation: f ⇒
x A1 A2 · · · An

Fn,f F1 F2 · · · Fn

Result: Fn,f = [F1, . . . ,Fn]
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Direct FT

Direct Fuzzy (F)-Transform Formally

Assumptions
f (x) ∈ C[a,b] – continuous on [a,b],
A1, . . . ,An – fuzzy partition of [a,b].

Definition
A vector of real numbers [F1, . . . ,Fn] is the F-transform
of f w.r.t. A1, . . . ,An if

Fk =

∫ b
a f (x)Ak (x)dx∫ b

a Ak (x)dx

Notation: Fn,f = [F1, . . . ,Fn]
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Discrete FT

Discrete F-Transform

Definition
The vector of real numbers [F1, . . . ,Fn] is a discrete
F-transform of f given at points x1, . . . , xl ∈ [a,b] w.r.t.
A1(x), . . . ,An(x) if

Fk =

∑l
j=1 f (xj)Ak (xj)∑l

j=1 Ak (xj)
.
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Inverse FT

Inverse F-Transform

Definition
Let [F1, . . . ,Fn] be the F-transform of f w.r.t. A1, . . . ,An

fF ,n(x) =
∑n

k=1 FkAk (x) is called the inverse F-transform
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Inverse FT

Inverse Fuzzy Transfrom. Uniform convergence

Uniform convergence

For a sequence {A(n)
1 (x), . . . ,A(n)

n (x)} of uniform partitions of
[a,b] the respective sequence {fF ,n(x)} of inverse F-transforms
of f ∈ C[a,b] uniformly converges to f ,

fF ,n(x) ⇒
n−→∞

f (x).



logo

Data Processing Fuzzy Transform Fuzzy Transform FT and Time Series Time Series Forecast Conclusion

Inverse FT

Uniform Convergence of Inverse F-transforms
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Time Series and its F-Transform

A time series xt , t = 1, . . . ,T , T ≥ 3, – discrete function which
is defined on S = {1, . . . ,T} so that x : S −→ R.

Time Series
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Time Series and its F-Transform

Let A1, . . . ,An, n < T , constitute a fuzzy partition of S.
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Time Series and its F-Transform

Let (X1, . . . ,Xn) – F-transform of x with respect to A1, . . . ,An

Example

Component X2
as a constant function
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Decomposition of Time Series

Decomposition of xt on Ak , k = 1 . . . ,n

xt = Xk + rtk , t ∈ Ak

Xk – k -th trend value;
rtk = xt − Xk , t ∈ Ak – k -th vector of residuals
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Decomposition of xt on A2

Time series xt on A2

FT-component X2

Vector of residuals
rtk = xt − Xk on A2
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Synthesis of a Time Series

Synthesis
Reconstruction of the time series:

xt = ∨n
k=1(Xk + r̃tk ).
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Time Series Forecast

Forecast a time series –
forecast next component Xn+1,
forecast next vector of residuals rt ,n+1
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FT Component Autoregressive Model

We assume that
X1,X2, . . . ,Xn

is an autoregressive dynamic process of the p-th order so
that for each k = p + 1, . . . ,n, either we have a linear model

Xk = α1Xk−1 + · · ·αpXk−p

or our model is a set of fuzzy rules

IF Xk−1 is A11 AND Xk−2 is B11 THEN Xk is C1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
IF Xk−1 is Al1 AND Xk−2 is Bl1 THEN Xk is Cl
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Vector of Residuals Forecast

The sequence of vectors of residuals

(rt1), . . . , (rtn)

is a stationary sequence of random variables with zero
expected value.
We assume that it is an autoregressive dynamic
process of the q-th order so that for each k = q + 1, . . . ,n

rtk = α1rt ,k−1 + · · ·αqrt ,k−q

Then
rt ,n+1 = α1rt ,n + · · ·αqrt ,n−q+1
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Demonstration of Time Series Analysis and
Synthesis

Representation

Time series {x1, . . . , xT}
Function x : [1,T ] −→ R,
T ≥ 3.

Time Series
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Demonstration of Time Series Analysis and
Synthesis

Time series trend
Trend – F-transform of x :

Fn[x ] = (X1, . . . ,Xn).

Original serie: 4998 4480 4824 4814 4602 4499 4594 4600
Trunc data: 4998 4480 4824 4814 4602 4499 4594 4600
Inv Trend: 4749,64 4724,42 4699,19 4673,97 4648,75 4623,53 4606,11 4596,49
Odd Trend: 4553,22 4553,22
Even Trend: 4610,92 4610,92 4610,92 4610,92 4610,92 4610,92 4610,92 4610,92

Components: 4610,92 4553,22 4613,24 4842,58 4784,6 4755,03 4752,32 4861,74
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Demonstration 1. Forecast the F-Transform
Component

4000

4200

4400

4600

4800

5000

5200

5400

5600

5800

6000

1 9 17 25 33 41 49 57 65 73 81 89 97 105 113 121

Original Truncated Inv trend Odd trend Even t



logo

Data Processing Fuzzy Transform Fuzzy Transform FT and Time Series Time Series Forecast Conclusion

Demonstration 1. Forecast the Time Series
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Demonstration 2. Comparative Testing Forecast of
a Real Time Series

Forecast of Australia monthly production of cars and station wagons 
1995

5000

10000

15000

20000

25000

30000

35000

Real data 30391 29057 30873 20991 10387 24203 26690 16308 29585 28157 27217 31101
Forecast 25080 26103 24819 19158 11192 24570 28243 22707 30523 29074 31002 33204

09/94 10/94 11/94 12/94 01/95 02/95 03/95 04/95 05/95 06/95 07/95 08/95
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Demonstration 2. Comparative Testing Forecast of
a Real Time Series

Forecast of monthly Australia sales of dry white wine (thousands of 
litres) 1995

1800

2300

2800

3300

3800

4300

4800

5300

5800

Real data 3670 4221 4404 5086 5725 2367 3819 4067 4022 3937 4365 4290
Forecast 4031,8 3256,2 3588,4 4269,8 5145,4 2069,8 3306,3 3352,3 3500 2995,8 2992,3 3547,9

09/94 10/94 11/94 12/94 01/95 02/95 03/95 04/95 05/95 06/95 07/95
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Demonstration 3. Forecast of an Economical Time
Series
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Conclusion

Modern Methods of Control in Economics Requires Clear
Mathematical Models
Fuzzy Modeling and Artificial Intelligence Cope with
Difficulties and Vagueness of Initial Data Better than
Conventional Methods
Easiness and Effectiveness of Fuzzy Modeling Gain
Advantage in Express Analysis of Economical Data
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