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Clear Mathematical Models
@ Each step is clear and elementary
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Modern Approach to Data Processing

Clear Mathematical Models
@ Each step is clear and elementary
@ Local changes of data or updates can be processed locally
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Fuzzy Sets — Sets with Flexible Boundaries
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Fuzzy Sets

Fuzzy Sets — Sets with Flexible Boundaries

Crisp Set of all real numbers
which lie within [0.874,1.093]
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Fuzzy Sets

Fuzzy Sets — Sets with Flexible Boundaries

Crisp Set of all real numbers Fuzzy Set of real numbers which
which lie within [0.874,1.093] are “approximately equal to 1

[\Charac teriti Mem_bership
T 1T function

function
A:R-[0]]

|f 1 ifxe[0874.1093] 093]
otherwise




Fuzzy sets Ay, ..., Ap with
continuous membership functions
form a fuzzy partition with nodes
X{,...,Xpifforeach k=1...,n
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Fuzzy sets Ay, ..., Ap with
continuous membership functions
form a fuzzy partition with nodes
X{,...,Xpifforeach k=1...,n
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Fuzzy Partitions

Fuzzy Partition Ay, ... A, of [a, b]

Fuzzy sets Ay, ..., Ay with
continuous membership functions
form a fuzzy partition with nodes
X{,...,Xpifforeach k=1...,n
® Ax(xk) =1
@ A(x) =0if X & (X1, Xk+1)
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Fuzzy Partitions

Fuzzy Partition Ay, .. .,

Fuzzy sets Ay, ..., Ap with
continuous membership functions
form a fuzzy partition with nodes
X{,...,Xpifforeach k=1...,n
o Ak(Xk) =1
@ A(x) =0if X & (X1, Xk+1)
@ Ak(x) /" on [Xk_1, Xk]
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Fuzzy Partitions

Fuzzy Partition Ay, .. .,

Fuzzy sets Ay, ..., Ap with
continuous membership functions
form a fuzzy partition with nodes
X{,...,Xpifforeach k=1...,n

o Ax(xx) =1

@ A(x)=0if X & (Xk_1, Xk11)
@ Ax(x) / on [Xk—_1, Xk]

@ Ak(x) \, on [Xx, Xkr1]
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Fuzzy Partitions

Fuzzy Partition Ay, ... A, of [a, b]

Fuzzy sets Ay, ..., Ap with
continuous membership functions
form a fuzzy partition with nodes
X{,...,Xpifforeach k=1...,n R k n
o Ak(Xk) =1 \

@ Ax(x)=01if X & (Xk—1, Xk+1) \'\&\
k k=15 Xk+1 \:\\\

@ Ax(x) / on [Xk—1, X] N §§\§\\\\\\\
@ Ax(x) . on [Xk, X 1] 0
o Y Ax)=1,x¢€[ab]
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Fuzzy Partitions

Various Fuzzy Partitions
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Fuzzy Partitions

Various Fuzzy Partitions
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Fuzzy Partitions

Various Fuzzy Partitions
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e Fuzzy Transform
@ Direct FT
@ Discrete FT
@ Inverse FT



Fuzzy Transform

Fuzzy Transform Schematically

Y y
f(X) . f(X)
fx,) e L
if é
: b : X
Al AZ Ak An
Transformation

f: x > f(x) » [F,F, F]
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Fuzzy Transform in Steps

@ Original function
f:la,b] —[c,d] ' f
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Fuzzy Transform in Steps

@ Original function
f:la bl — [c, d]

@ Fuzzy partition Aq,... A,
of [a, b]

@ F-Transform Components
Fi,...,Fn
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Fuzzy Transform

Fuzzy Transform in Steps

@ Original function

f:la bl — [c, d] y
@ Fuzzy partition Ay,..., Ay o
of [a, b]
@ F-Transform Components /"
a [P b
F1~-~-,Fn ‘ s ;

o Transformation: f= Flw @ !
AT

Fn,fHF1‘F2""‘Fn LA A b




Fuzzy Transform

Fuzzy Transform in Steps

@ Original function

f:la bl — [c,d] y
@ Fuzzy partition A¢,... A, e Y
of [a, b]
@ F-Transform Components I
Fi,....Fn ? i ?
@ Transformation: f = Rl ’
X | A A |- | A
Forl| Frl R [ Fn

@ Result: F,r=[Fy,...,Fp]
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Direct FT

Direct Fuzzy (F)-Transform Formally

@ f(x) € C|a, b] — continuous on [a, b],
@ Ay,...,An—fuzzy partition of [a, b].

A vector of real numbers [F, ..., F,] is the F-transform
of fwrt. Aq,... Anlif

x)dx

Fk fa

faAk d

Notation: F,; = [Fy,..., Fy]
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Discrete FT

Discrete F-Transform

Definition

The vector of real numbers [Fq, ..., F,] is a discrete
F-transform of f given at points x1,...,x € [a, b] w.r.t.
Aq(X), ..., An(x) if

X o)Ay
2;21 A (X))
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Inverse FT

Inverse F-Transform

Definition
Let [F4...., Fy] be the F-transform of fw.rt. Ay,..., Ay

fe n(X) = Yk FkAk(x) is called the inverse F-transform
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Inverse FT

Inverse Fuzzy Transfrom. Uniform convergence

Uniform convergence

For a sequence {A{(x),..., A" (x)} of uniform partitions of
[a, b] the respective sequence { /- ,(x)} of inverse F-transforms
of f € C|a, b] uniformly converges to f,

fF,n(X) = f(X)~

n—o0
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Inverse FT

Uniform Convergence of Inverse F-transforms
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Inverse FT

Uniform Convergence of Inverse F-transforms
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e FT and Express Analysis of Economical TS



FT and Time Series

Time Series and its F-Transform

Atimeseries x;, t =1,..., T, T > 3, — discrete function which
is definedon S={1,..., T} sothatx: S — R.
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FT and Time Series

Time Series and its F-Transform

Let Aq,...,An, n < T, constitute a fuzzy partition of S.
AI A2 Ak

| A
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FT and Time Series

Time Series and its F-Transform

Let (Xj, ..., Xn) — F-transform of x with respect to A4, ..., A,

Example

7000
6000
Component X5
as a constant function M
4000

3000

2000 -

O 1A
* 8 15 22 29 36 43 50 57 64 71 78 85 92 99 106 113 120 127
1000




FT and Time Series

Decomposition of Time Series

Decomposition of x;on A, k=1... n

Xt:Xk-f—ftk, te A

@ Xy — k-th trend value;
@ ry = X — Xk, € Ax— k-th vector of residuals




FT and Time Series

Decomposition of x; on A,

SO0 O -
-w
OO
@ Time series x; on A,
=000 -
)
@ Vector of residuals —ocoo -
e = Xt = Xicon A 1T OO0 | -
[ N p
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FT and Time Series

Synthesis of a Time Series

@ Reconstruction of the time series:

Xt = Vi1 (Xk + Fi)-
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Time Series Forecast

Time Series Forecast

Forecast a time series —



Time Series Forecast

Time Series Forecast

Forecast a time series —
@ forecast next component X, 1,



Time Series Forecast

Time Series Forecast

Forecast a time series —
@ forecast next component X, 1,
@ forecast next vector of residuals r; 4



Time Series Forecast

FT Component Autoregressive Model

We assume that

X17X27"‘7XI7
is an autoregressive dynamic process of the p-th order so
that foreach k = p+1,..., n, either we have a linear model

o
X = a1 Xg_q4 +-- 'apXk_p



Time Series Forecast

FT Component Autoregressive Model

We assume that

X17X27"‘7XI7
is an autoregressive dynamic process of the p-th order so
that foreach k = p+1,..., n, either we have a linear model

o
X = a1 Xg_q4 +-- 'apXk_p

@ or our model is a set of fuzzy rules
IF Xk_1 is A4 AND Xk_g is B11 THEN Xk is Cq

IF Xk_1 is ./4/1 AND Xk_g is B THEN Xk is C



Time Series Forecast

Vector of Residuals Forecast

@ The sequence of vectors of residuals

(ra), ..., (rn)

is a stationary sequence of random variables with zero
expected value.
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Vector of Residuals Forecast

@ The sequence of vectors of residuals

(ra), ..., (rn)

is a stationary sequence of random variables with zero
expected value.

@ We assume that it is an autoregressive dynamic
process of the g-th order so that foreach k=qg+1,...,n

Ik = o1l k—1 + - Qqlt k—qg



Time Series Forecast

Vector of Residuals Forecast

@ The sequence of vectors of residuals

(ra), ..., (rn)

is a stationary sequence of random variables with zero
expected value.

@ We assume that it is an autoregressive dynamic
process of the g-th order so that foreach k=qg+1,...,n

Ik = o1l k—1 + - Qqlt k—qg

@ Then
Itny1 = a1ltn + - - - gl n—g+1



Time Series Forecast

Demonstration of Time Series Analysis and

Synthesis

6000

Representation 5800 1

Time series {x1,...,x7}
Function x: [1, 7] — R,
T>3.
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Time Series Forecast

Demonstration of Time Series Analysis and
S GEN

Time series trend
Trend — F-transform of x:

Fnlx] = (X1,..., Xn).




Time Series Forecast

Demonstration 1. Forecast the F-Transform
Component
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Time Series Forecast

Demonstration 1. Forecast the Time Series

6000

5800 -

5600 -

5400 H
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= Original data = avg ft prediction = inv log predictic



Time Series Forecast

Demonstration 2. Comparative Testing Forecast of
a Real Time Series

Forecast of Australia monthly production of cars and station wagons
1995

35000

30000 +

25000 -

20000 -

15000 -

10000 -+

5000

09/94 | 10/94 | 11/94 | 12/94 | 01/95 | 02/95 | 03/95 | 04/95 | 05/95 | 06/95 | 07/95 | 08/95
—e—Real data | 30391 | 29057 | 30873 | 20991 | 10387 | 24203 | 26690 | 16308 | 29585 | 28157 | 27217 | 31101
=~ Forecast | 25080 | 26103 | 24819 | 19158 | 11192 | 24570 | 28243 | 22707 | 30523 | 29074 | 31002 | 33204




Time Series Forecast

Demonstration 2. Comparative Testing Forecast of
a Real Time Series

Forecast of monthly Australia sales of dry white wine (thousands of
litres) 1995

5800 +

5300 +

4800

4300 A

3800 +

3300 +

2800 -+

2300 +

1800

09/94 | 10/94 | 11/94 | 12/94 | 01/95 | 02/95 | 03/95 | 04/95 | 05/95 | 06/95 | 07/95

——Real data | 3670 | 4221 | 4404 | 5086 | 5725 | 2367 | 3819 | 4067 | 4022 | 3937 | 4365 | 4290
—#-Forecast |4031,8/3256,2|3588,4|4269,8|5145,4/2069,8|3306,3|3352,3| 3500 |2995,8|2992,3|3547,9







Demonstration 3. Forecast of an Economical Time
Series
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Conclusion

@ Modern Methods of Control in Economics Requires Clear
Mathematical Models

@ Fuzzy Modeling and Artificial Intelligence Cope with
Difficulties and Vagueness of Initial Data Better than
Conventional Methods

@ Easiness and Effectiveness of Fuzzy Modeling Gain
Advantage in Express Analysis of Economical Data
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